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Abstract
A mixed hypergraph H = (V, C,D) consists of a vertex set V and two subsets C
and D of {E ⊆ V : |E| ≥ 1}. For any positive integer λ, a proper λ-coloring of H is an
assignment of λ colors to vertices inH such that each member in C contains at least two
vertices assigned the same color and each member in D contains at least two vertices
assigned different colors. The chromatic polynomial of H, denoted by P (H, λ), is the
function which counts the number of proper λ-colorings of H whenever λ is a positive
integer. In this paper, we show that P (H, λ) is zero-free in the intervals (−∞, 0) and
(0, 1) under certain conditions. This result extends known results on zero-free intervals
of the chromatic polynomials of graphs and hypergraphs.
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1 Introduction and main results
A mixed hypergraph H is a triple (V , C,D), where V is a finite set, and C and D are
subsets of the set {E ⊆ V : |E| ≥ 1}. Usually, V , C and D are respectively called the vertex
set, the family of C-edges and the family of D-edges of H. It is possible that C ∩D 6= ∅. For
any integer λ ≥ 1, a proper λ-coloring of H = (V , C,D) is a mapping φ : V → {1, 2, · · · , λ}
such that |{φ(v) : v ∈ C}| ≤ |C| − 1 holds for each C ∈ C and |{φ(v) : v ∈ D}| ≥ 2 holds for
∗This paper was partially supported by NTU AcRF project (RP 3/16 DFM) of Singapore.
†Corresponding author. Email: fengming.dong@nie.edu.sg
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each D ∈ D. Clearly, H does not admit any proper λ-coloring whenever |E| = 1 for some
E ∈ C ∪ D. This concept was introduced by Voloshin [10].
A hypergraph is actually a mixed hypergraph H = (V , C,D) with C = ∅, and it is
usually expressed as H = (V ,D). A proper λ-coloring of a hypergraph (V ,D) is a mapping
φ : V → {1, 2, · · · , λ} such that |{φ(v) : v ∈ D}| ≥ 2 holds for each D ∈ D. If |D| ≥ 2 holds
for all D ∈ D, the hypergraph (V ,D) admits a proper λ-coloring for any λ ≥ |V|. However,
a mixed hypergraph H = (V , C,D) may have no proper λ-coloring for any positive integer
λ even if |E| ≥ 2 holds for each E ∈ C ∪ D. For instance, if there exists E0 ∈ C ∩ D with
|E0| = 2, then H = (V , C,D) does not admit a proper λ-coloring for any positive integer λ.
A mixed hypergraph H is called colorable if it admits a proper λ-coloring for some λ ≥ 1;
otherwise H is called uncolorable. The family of colorable mixed hypergraphs has not been
characterized completely although the problem of determining colorable mixed hypergraphs
has been studied for more than two decades [5, 9, 11, 12].
For any mixed hypergraph H = (V , C,D), let P (H, λ) denote the function which
counts the number of proper λ-colorings of H whenever λ is a positive integer. Obviously,
if H is uncolorable, then P (H, λ) = 0. If H is colorable, P (H, λ) is a polynomial in λ and
is called the chromatic polynomial of H (see [1, 10, 13]). Clearly, this concept is a natural
extension of the chromatic polynomial of a hypergraph which extends the concept of the
chromatic polynomial of a graph.
It is well-known that (−∞, 0), (0, 1) and (1, 32/27] are the only zero-free intervals for
chromatic polynomials of all graphs [3, 4, 8], while chromatic polynomials of hypergraphs
have dense real zeros in the whole set of real numbers [14]. Restricted to a set of hypergraphs,
the only known result on zero-free intervals of chromatic polynomials of hypergraphs is the
following one due to Dohmen [2].
Theorem 1.1 ([2]). For a hypergraph H = (V ,D), if each edge in H has an even size and
each cycle in H contains an edge of size 2, then P (H, λ) is zero-free in the interval (−∞, 0).
A cycle of a mixed hypergraph H = (V , C,D) is defined to be a sequence of vertices
and edges: Q = (v1, E1, v2, E2, · · · , vt, Et, v1), where t ≥ 2, vi, vi+1 ∈ Ei for all i = 1, 2, · · · , t
and vt+1 = v1, such that v1, v2, · · · , vt are distinct vertices and Ei 6= Ej whenever Ei, Ej ∈ C
or Ei, Ej ∈ D for all 1 ≤ i < j ≤ t. A cycle of H is called a D-cycle if each edge in this cycle
is a member in D. According to this definition, for any C ∈ C, D ∈ D and distinct vertices
u, v ∈ C ∩D, (u,C, v,D, u) forms a cycle in H no matter whether C = D holds. For a given
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set of edges E1, E2, · · · , Et in H with Ei ∩ Ei+1 6= ∅ for all i = 1, 2, · · · , t, where Et+1 = E1,
and Ei 6= Ej whenever Ei, Ej ∈ C or Ei, Ej ∈ D for all i, j with 1 ≤ i < j ≤ t, H contains
more than one cycle in the form (v1, E1, v2, E2, · · · , vt, Et, v1) whenever |Ei∩Ei+1| ≥ 2 holds
for some i with 1 ≤ i ≤ t.
For any subset E of {E ⊆ V : |E| ≥ 1}, a subset V0 of V is said to be E-independent
in H if E 6⊆ V0 holds for every E ∈ E . Let D2 = {D ∈ D : |D| = 2}. Then a subset V0 of V
is not D2-independent in H if and only if D ⊆ V0 holds for some D ∈ D2.
Our main results will be based on some or all of the following conditions (I)-(IV).
(I) |D| is even for each D ∈ D;
(II) for every D-cycle (v1, D1, v2, D2, · · · , vt, Dt, v1) of H, the set
⋃
1≤i≤tDi is not D2-
independent in H;
(III) for every cycle (v1, E1, v2, E2, · · · , vt, Et, v1) of H, which is not a D-cycle, the set
{v1, v2, · · · , vt} is not D2-independent in H;
(IV) the spanning subgraph H2 = (V ,D2) of H is connected.
Let H = (V , C,D) be a mixed hypergraph. For any C ∈ C, let HC−C denote the mixed
hypergraph (V , C − {C},D), and for any D ∈ D, let HD−D denote the mixed hypergraph
(V , C,D−{D}). By the definitions of proper colorings of H and P (H, λ), the next result on
P (H, λ) follows immediately.
Proposition 1.1 ([13]). Let H = (V , C,D) be a mixed hypergraph.
(i) For C1, C2 ∈ C with C1 ⊆ C2, P (H, λ) = P (HC−C2 , λ) holds;
(ii) for D1, D2 ∈ D with D1 ⊆ D2, P (H, λ) = P (HD−D2 , λ) holds.
By Proposition 1.1, the study of P (H, λ) can be focused on Sperner mixed hyper-
graphs, where a mixed hypergraph H = (V , C,D) is said to be Sperner if E1 6⊆ E2 holds for
every pair of edges E1 and E2 with either E1, E2 ∈ C or E1, E2 ∈ D.
Our main results in this article are now presented below.
Theorem 1.2. Let H = (V , C,D) be a Sperner and colorable mixed hypergraph. If H satisfies
conditions (I), (II) and (III), then (−1)|V|+|C|P (H, λ) > 0 holds for all real λ ∈ (−∞, 0).
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If H = (V , C,D) is a hypergraph, i.e., C = ∅, then Theorem 1.2 holds whenever
condition (I) and (II) are satisfied. Thus the conditions for Theorem 1.2 is much weaker
than Theorem 1.1.
Theorem 1.3. Let H = (V , C,D) be a Sperner and colorable mixed hypergraph. If H satisfies
conditions (I), (II), (III) and (IV), then
(i) (−1)|V|+|C|+1P (H, λ) > 0 holds for all real λ ∈ (0, 1);
(ii) P (H, λ) has no multiple root at λ = 0.
Theorems 1.2 and 1.3 will be proved in Sections 4 and 5 after some fundamental results
for computing the chromatic polynomials of mixed hypergraphs and some preliminary results
are introduced in Sections 2 and 3.
2 Computation of P (H, λ)
In this section, we introduce several results on computing the chromatic polynomials
of mixed hypergraphs H = (V , C,D).
For any mixed hypergraph H = (V , C,D), let H∗ denote the mixed hypergraph
(V , C∗,D∗), where C∗ (resp. D∗) is the minimal subset of C (resp. D) such that for each
C ∈ C − C∗ (resp. D ∈ D − D∗), there exists C ′ ∈ C∗ (resp. D′ ∈ D∗) with C ′ ⊆ C (resp.
D′ ⊆ D). It is not difficult to show that both C∗ and D∗ are uniquely determined by C
and D respectively. Actually, H∗ can be obtained from H by removing any edge C ∈ C or
D ∈ D repeatedly whenever C ′ ⊆ C or D′ ⊆ D holds for another edge C ′ ∈ C or D′ ∈ D.
Obviously, H∗ is Sperner and is called the Sperner sub-hypergraph of H. Thus Propersition
1.1 implies the following identity:
P (H, λ) = P (H∗, λ). (1)
Now we assume that H = (V , C,D) is a Sperner mixed hypergraph in the remainder
of this section.
For any V0 ⊆ V with |V0| ≥ 2, let H/V0 denote the mixed hypergraph obtained
from H by removing every D ∈ D with D ⊆ V0 and every C ∈ C with |C ∩ V0| ≥ 2 and
identifying all vertices in V0 as one vertex, denoted by w. ThusH/V0 is the mixed hypergraph
(V/V0, C/V0,D/V0), where V/V0 = (V − V0) ∪ {w}, w /∈ V , and C/V0 = {C ∈ C : C ∩ V0 = ∅} ∪ {(C − V0) ∪ {w} : C ∈ C, |C ∩ V0| = 1};D/V0 = {D ∈ D : D ∩ V0 = ∅} ∪ {(D − V0) ∪ {w} : D ∈ D, D ∩ V0 6= ∅, D 6⊆ V0}. (2)
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Thus, for any C ∈ C with |C ∩V0| ≥ 2, H/V0 and HC−C/V0 are the same mixed hypergraph,
and for any D ∈ D with D ⊆ V0, H/V0 and HD−D/V0 are the same mixed hypergraph.
The deletion-contraction Theorem for chromatic polynomials of graphs and hyper-
graphs can be extended directly to chromatic polynomials of the mixed hypergraphs with
D 6= ∅.
Theorem 2.1. Let H = (V , C,D) be a mixed hypergraph with D 6= ∅. For any D ∈ D,
P (H, λ) = P (HD−D, λ)− P (H/D, λ). (3)
Proof. It suffices to show that (3) holds for every positive integer λ. Let λ be a fixed positive
integer and D be a fixed member in D. Let Ω be the set of all proper λ-colorings of HD−D.
Then |Ω| = P (HD−D, λ).
Note that Ω can be partitioned into three subsets Ω0, Ω1 and Ω2, where Ω0 is the set of
proper λ-colorings φ of HD−D with 1 < |{φ(v) : v ∈ D}| < |D|, Ω1 is the set of proper
λ-colorings φ of HD−D with |{φ(v) : v ∈ D}| = 1 and Ω2 is the set of proper λ-colorings φ
of HD−D with |{φ(v) : v ∈ D}| = |D|. Thus,
|Ω| = |Ω0|+ |Ω1|+ |Ω2|. (4)
By the definition of proper λ-coloring of a mixed hypergraph,
P (H/D, λ) = |Ω1|, P (H, λ) = |Ω0|+ |Ω2|. (5)
Thus (4) and (5) imply that
P (H, λ) = |Ω0|+ |Ω2| = |Ω| − |Ω1| = P (HD−D, λ)− P (H/D, λ).
The result holds.
For any x, y ∈ V with {x, y} 6∈ D, let H +d {x, y} denote the mixed hypergraph
(V , C,D′) with D′ = D ∪ {{x, y}}. Theorem 2.1 can be equivalently stated as follows when
|D| = 2.
Theorem 2.2 ([10]). Let H = (V , C,D) be a mixed hypergraph. For any x, y ∈ V with
{x, y} /∈ D,
P (H, λ) = P (H +d {x, y}, λ) + P (H/{x, y}, λ). (6)
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Corollary 2.1. Let H = (V , C,D) be a mixed hypergraph and C0 ∈ C. If {e1, e2, · · · , er} =
{{u1, u2} ⊆ C0 : u1 6= u2, {u1, u2} /∈ D} with r ≥ 1, then
P (H, λ) =
r−1∑
i=0
P ((HC−C0i /ei+1)∗, λ), (7)
where H0 = H and Hi = Hi−1 +d ei for i = 1, 2, · · · , r − 1.
Proof. For i = 0, 1, · · · , r, writeHi as (V , C,Di). Clearly, Di = D∪{e1, e2, · · · , ei}. Applying
Theorem 2.2 repeatedly yields that
P (H, λ) = P (Hr, λ) +
r−1∑
i=0
P (Hi/ei+1, λ). (8)
By the assumptions of e1, e2, · · · , er and Hr, every two-element subset {u1, u2} of C0 is a
D-edge in Hr, implying that Hr is uncolorable and so P (Hr, λ) = 0 for any positive integer
λ. For i = 0, 1, · · · , r−1, by definition, Hi/ei+1 is the same as HC−C0i /ei+1. Hence (7) follows
from (1) and (8).
3 Preliminary
In this section, we will show that for a Sperner mixed hypergraph H = (V , C,D)
satisfying conditions (I), (II) and (III) in Page 3, the mixed hypergraphs HD−D, (H/D)∗,
HC−C and (H/V0)∗ satisfy conditions (I), (II) and (III), where C ∈ C, D ∈ D and V0 is a
D2-independent set with V0 ⊆ C0 for some C0 ∈ C and |V0| ≥ 2.
Lemma 3.1. For any Sperner mixed hypergraph H = (V , C,D) satisfying condition (III) in
Page 3, the following properties holds:
(i) for any C1, C2 ∈ C with |C1 ∩ C2| ≥ 2, {{u, v} : u, v ∈ C1 ∩ C2} ⊆ D holds;
(ii) for any C ∈ C and D ∈ D with |D| > 2, |C ∩D| ≤ 1 holds;
(iii) if H is colorable, then C ∩ D = ∅.
Proof. (i) Suppose that there are two vertices u, v ∈ C1 ∩ C2 with {u, v} /∈ D. Note that
(u,C1, v, C2, u) forms a cycle in H which is not a D-cycle. By condition (III), {u, v} is not
D2-independent, implying that {u, v} ∈ D, a contradiction.
(ii) It can be proved similarly as (i) that {u, v} ∈ D holds for any pair u, v ∈ C ∩D.
As H is Sperner and |D| > 2, this cannot happen. Thus the result holds.
(iii) Assume that there exists E ∈ C ∩ D. By the result in (ii), we have |E| ≤ 2.
However, H is colorable and E ∈ C ∩ D, we have |E| > 2, a contradiction.
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For any V0 ⊆ V , the mixed hypergraph H/V0 is written as (V/V0, C/V0,D/V0) and its
Sperner mixed hypergraph (H/V0)∗ is written as ((V/V0)∗, (C/V0)∗, (D/V0)∗).
Lemma 3.2. Let H = (V , C,D) be a Sperner mixed hypergraph satisfying condition (II) in
Page 3. For any D0 ∈ D with |D0| > 2,
(D/D0)∗ ⊆ {D ∈ D : D ∩D0 = ∅} ∪ {(D −D0) ∪ {w} : |D ∩D0| = 1, D ∈ D}, (9)
where w /∈ V.
Proof. Let H/D0 = (V/D0, C/D0,D/D0), where V/D0 = (V −D0) ∪ {w}. As H is Sperner,
D/D0 = {D ∈ D : D ∩D0 = ∅} ∪ {(D −D0) ∪ {w} : D ∈ D, D ∩D0 6= ∅}. (10)
By (10), it suffices to show that for any D1 ∈ D with |D1 ∩ D0| ≥ 2, there exists D2 ∈ D
with |D2 ∩D0| = 1 such that D2 −D0 ⊆ D1 −D0. Let D1 ∈ D with {u, v} ⊆ D1 ∩D0, as
shown in Figure 1 (i).
(i) Hypergraph H with |D1 ∩D0| ≥ 2 (ii) Hypergraph H/D0, where D′i = (Di −D0) ∪ {w}
Figure 1: Hypergraphs H = (V,D) and H = (V,D)/D0
Observe that (u,D1, v,D0, u) forms a D-cycle in H. As H is a Sperner hypergraph
satisfying condition (II), there exists D2 = {x, y} ∈ D with x ∈ D1 −D0 and y ∈ D0 −D1,
as shown in Figure 1 (i). Clearly D2 −D0 = {x} ⊆ D1 −D0. Thus the result holds.
Lemma 3.3. Let H = (V , C,D) be a Sperner mixed hypergraph satisfying conditions (I),
(II) and (III) in Page 3. For any D0 ∈ D and C0 ∈ C, the following properties hold:
(i) both HD−D0 and HC−C0 satisfy conditions (I), (II) and (III) in Page 3;
(ii) if |D0| > 2, then (H/D0)∗ satisfies condition (I) in Page 3;
(iii) for any V0 ⊆ C0 with |V0| ≥ 2, if V0 is D2-independent, then (H/V0)∗ satisfies condition
(I) in Page 3.
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Proof. (i). As HD−D0 (resp. HC−C0) is obtained from H by removing D0 (resp. C0) directly,
HD−D0 (resp. HC−C0) satisfies conditions (I), (II) and (III).
(ii). As H satisfies condition (I), Lemma 3.2 implies that (H/D0)∗ also satisfies
condition (I).
(iii). As V0 ⊆ C0 ∈ C and V0 is D2-independent, Lemma 3.1 (ii) implies that |V0∩D| ≤
1 holds for all D ∈ D. Thus (2) implies that
(D/V0)∗ ⊆ {D ∈ D : D ∩ V0 = ∅} ∪ {(D − V0) ∪ {w} : D ∈ D, |D ∩ V0| = 1}.
Hence (H/V0)∗ satisfies condition (I).
Lemma 3.4. Let H = (V , C,D) be a mixed hypergraph satisfying conditions (II) and (III)
in Page 3, and let V0 be a D2-independent set in H with |V0| ≥ 2 and V0 ∈ D or V0 ⊆ C0 for
some C0 ∈ C. For any E ∈ C ∪ D, if |E ∩ V0| ≥ 2, then (E − V0) ∪ {w} is not an edge in
(H/V0)∗.
Proof. Suppose that E0 ∈ C ∪ D with |E0 ∩ V0| ≥ 2. If either V0 ⊆ C0 ∈ C or E0 ∈ C, then
Lemma 3.1 (i) and (ii) imply that either |V0 ∩ E0| ≤ 1 or {{u, v} : u, v ∈ V0 ∩ E0} ⊆ D. As
V0 is D2-independent, we have |V0 ∩ E0| ≤ 1, a contradiction.
Thus |V0 ∩ E0| ≥ 2 implies that V0 ∈ D and E0 ∈ D. But, in this case, Lemma 3.2
implies that (E0 − V0) ∪ {w} is not an edge in (H/V0)∗. Hence the result holds.
A cycle (v1, E1, v2, E2, · · · , vt, Et, v1) in a mixed hypergraph H = (V , C,D) is said to
intercept D2 if one of the conditions below is satisfied:
(a) this cycle is a D-cycle and ⋃1≤i≤tEi is not D2-independent;
(b) this cycle is not a D-cycle and {v1, v2, · · · , vt} is not D2-independent.
Lemma 3.5. A mixed hypergraph H = (V , C,D) satisfies conditions (II) and (III) in Page 3
if and only if each cycle in H intercepts D2.
Lemma 3.6. Let V0 be a D2-independent set in H with |V0| ≥ 2. If either V0 ∈ D or V0 ⊆ C0
for some C0 ∈ C, then (H/V0)∗ satisfies conditions (II) and (III) in Page 3.
Proof. By Lemma 3.5, it is equivalent to show that each cycle in (H/V0)∗ intercepts (D/V0)∗2.
Let (H/V0)∗ = ((V/V0)∗, (C/V0)∗, (D/V0)∗) and C∗ = (u1, E∗1 , u2, E∗2 , · · · , ut, E∗t , u1)
be any cycle in (H/V0)∗, where ui ∈ (V/V0)∗ and E∗i ∈ (D/V0)∗∪(C/V0)∗ for all i = 1, 2, · · · , t.
Note that (V/V0)∗ = V/V0 = (V −V0)∪{w}, where w /∈ V . Clearly ui ∈ V whenever ui 6= w.
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As V0 is a D2-independent set in H with |V0| ≥ 2, |V0∩D′| ≤ 1 holds for any D′ ∈ D2.
By Lemma 3.4 and (2), there exist edges E1, E2, · · · , Et in H with the following properties
for all i = 1, 2, · · · , t:
(a) Ei ∈ C if and only if E∗i ∈ (C/V0)∗;
(b) |Ei ∩ V0| ≤ 1;
(c) E∗i = Ei when Ei ∩ V0 = ∅, and E∗i = (Ei − V0) ∪ {w} otherwise.
To show that C∗ intercepts (D/V0)∗2, we can assume that |E∗i | > 2 for all i = 1, 2, · · · , t,
and it suffices to prove that
⋃
1≤i≤tE
∗
i is not (D/V0)∗2 -independent, and when C∗ is not a
(D/V0)∗-cycle, {u1, u2, · · · , ut} is not (D/V0)∗2-independent.
Case 1: w /∈ ⋃1≤i≤tE∗i .
For all i = 1, 2, · · · , t, E∗i = Ei, which implies that Ei ∩ V0 = ∅ in this case. Thus, we
have a cycle C = (u1, E1, u2, E2, · · · , ut, Et, u1) in H.
As H satisfies conditions (II) and (III), H contains an edge D′ ∈ D2 with D′ ⊆⋃
1≤i≤tEi such that D
′ ⊆ {u1, u2, · · · , ut} holds in the case that C is not a D-cycle in H.
As D′ ⊆ ⋃1≤i≤tEi and V0 ∩ ⋃1≤i≤tEi = ∅, then D′ ∩ V0 = ∅. As H is Sperner, by
the definition of (H/V0)∗, we have D′ ∈ (D/V0)∗ in this case. Thus
⋃
1≤i≤tE
∗
i =
⋃
1≤i≤tEi is
not (D/V0)∗2-independent in (H/V0)∗.
Now assume that that C∗ is not a (D/V0)∗-cycle in (H/V0)∗. Then C is not a D-cycle
in H, implying that D′ ⊆ {u1, u2, · · · , ut}. Thus {u1, u2, · · · , ut} is not (D/V0)∗2-independent
in (H/V0)∗.
Hence C∗ intercepts (D/V0)∗2 in (H/V0)∗ in this case.
Case 2: w ∈ E∗i −
⋃
1≤j≤t
j 6=i
E∗j for some i ∈ {1, 2, · · · , t}.
Without loss of generality, suppose that w ∈ E∗1 −
⋃
2≤j≤tE
∗
j shown in Figure 2 (ii).
(i) |Ei ∩ V0| = 1 for i = 1 only (ii) w ∈ E∗1 −
⋃
2≤i≤t E
∗
i
Figure 2: A cycle (u1, E∗1 , u2, E
∗
2 , · · · , ut, E∗t , u1) in (H/V0)∗ with w ∈ E∗1 −
⋃
2≤j≤t E
∗
j
9
Thus |V0 ∩ E1| = 1 and |V0 ∩ Ej| = 0 for all j = 2, 3, · · · , t in this case.
Observe that C = (u1, E1, u2, E2, · · · , ut, Et, u1) is a cycle in H, as shown in Figure
2 (i). As H satisfies conditions (II) and (III), H has an edge D′ ∈ D2 with D′ ⊆
⋃
1≤i≤tEi
such that D′ ⊆ {u1, u2, · · · , ut} holds in the case that C is not a D-cycle in H.
If |V0 ∩ D′| = 0, then D′ ∈ (D/V0)∗; if |V0 ∩ D′| = 1, then V0 ∩ D′ = {x} for some
x ∈ V and (D′ − {x}) ∪ {w} ∈ (D/V0)∗. Note that
⋃
1≤i≤tE
∗
i = (
⋃
1≤i≤tEi − {x}) ∪ {w} in
this case. Thus
⋃
1≤i≤tE
∗
i is not (D/V0)∗2-independent in (H/V0)∗ in this case.
Now assume that C∗ is not a (D/V0)∗-cycle in (H/V0)∗. Then C is not a D-cycle
in H, implying that D′ ⊆ {u1, u2, · · · , ut} and D′ ∩ V0 = ∅. Thus {u1, u2, · · · , ut} is not
(D/V0)∗2-independent in (H/V0)∗ in this case.
Hence cycle C∗ intercepts (D/V0)∗2 in Case 2.
Case 3: w ∈ E∗p ∩ E∗q for some p, q ∈ {1, 2, · · · , t} with p 6= q.
Without loss of generality, suppose that w ∈ E∗1 ∩ E∗2 , as shown in Figure 3 (iii).
Obviously, |Ei ∩ V0| = 1 for i = 1, 2 and |Ej ∩ V0| = 0 for all j = 3, 4, · · · , t. Thus assume
that Ei ∩ V0 = {xi} for i = 1, 2, where x1, x2 ∈ V .
As u2 ∈ E∗1 ∩ E∗2 , then either w 6= u2 or w = u2. If w 6= u2, we have a cycle
C = (u1, E1, u2, E2, · · · , ut, Et, u1) in H. As H satisfies conditions (II) and (III), H contains
an edge D′ ∈ D2 with D′ ⊆
⋃
1≤i≤tEi such that D
′ ⊆ {u1, u2, · · · , ut} holds in the case that
C is not a D-cycle in H. Note that ⋃1≤i≤tE∗i = {w} ∪ (⋃1≤i≤tEi − {x1, x2}). Thus it can
be proved similarly as Case 2 that cycle C∗ intercepts (D/V0)∗2 in this case.
If w = u2, we consider the two cases: x1 = x2 or x1 6= x2.
(i) A cycle in H (ii) A cycle in H (iii) A cycle in (H/V0)∗
Figure 3: When w ∈ E∗1 ∩ E∗2
Case 3.1: x1 = x2.
Assume that x1 = x2 = x, i.e., Ei ∩ V0 = {x} for i = 1, 2 shown in Figure 3 (i). Note
that
⋃
1≤i≤tE
∗
i = {w} ∪ (
⋃
1≤i≤tEi − {x}) in this case.
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Observe that C = (u1, E1, x, E2, u3, · · · , ut, Et, u1) is a cycle in H. As H satisfies
conditions (II) and (III), H contains an edge D′ ∈ D2 with D′ ⊆
⋃
1≤i≤tEi such that
D′ ⊆ {x, u1, u3, · · · , ut} holds in the case that C is not a D-cycle of H.
If |V0 ∩ D′| = 0, then D′ ∈ (D/V0)∗. If |V0 ∩ D′| = 1, then V0 ∩ D′ = {v} for
some v ∈ V0 and (D′ − {v}) ∪ {w} ∈ (D/V0)∗. Note that v = x since D′ ⊆
⋃
1≤i≤tEi
and V0 ∩
⋃
1≤i≤tEi = V0 ∩ (E1 ∪ E2) = {x}. Thus
⋃
1≤i≤tE
∗
i is not (D/V0)∗2-independent in
(H/V0)∗.
Now assume that C∗ is not a (D/V0)∗-cycle in (H/V0)∗. Then C is not a D-cycle in H,
implying that D′ ⊆ {x, u1, u3, · · · , ut}. If x ∈ D′, then (D′−{x})∪{w} ⊆ {w, u1, u3, · · · , ut},
D′ ⊆ {w, u1, u3, · · · , ut} otherwise. Thus {u1, u2, · · · , ut}, where u2 = w, is not (D/V0)∗2-
independent in (H/V0)∗.
Hence C∗ intercepts (D/V0)∗2 in this subcase.
Case 3.2: x1 6= x2.
By the given condition, V0 = E0 ∈ D or V0 ⊆ E0 ∈ C. Thus, in this case, H has a
cycle C = (x1, E0, x2, E2, u3, E3, · · · , ut, Et, u1, E1, x1) and
⋃
1≤i≤tE
∗
i = {w} ∪ (
⋃
1≤i≤tEi −
{x1, x2}), as shown in Figure 3 (ii).
As H satisfies conditions (II) and (III), there exists D′ ∈ D2 with D′ ⊆
⋃
0≤i≤tEi
such that D′ ⊆ {x1, x2} ∪ {ui : 1 ≤ i ≤ t, i 6= 2} in the case that C is not a D-cycle in H.
Assume thatD′ ⊆ {x1, x2}∪{ui : 1 ≤ i ≤ t, i 6= 2}. As {x1, x2} ⊆ V0 and |V0∩D′| ≤ 1,
then |{x1, x2} ∩ D′| ≤ 1. If D′ ∩ {x1, x2} = ∅, then D′ ∈ (D/V0)∗ and D′ ⊆ {ui : 1 ≤ i ≤
t, i 6= 2}; if D′ ∩ {x1, x2} = {xi} for some i ∈ {1, 2}, then (D′ − {xi}) ∪ {w} ∈ (D/V0)∗
and D′ ⊆ {w} ∪ {ui : 1 ≤ i ≤ t, i 6= 2}, where w = u2. Thus {ui : 1 ≤ i ≤ t} is not
(D/V0)∗2-independent in (H/V0)∗.
Now consider the case that D′ 6⊆ {x1, x2} ∪ {ui : 1 ≤ i ≤ t, i 6= 2}. Then D′ ⊆⋃
0≤i≤tEi. Thus C must be a D-cycle in H and C∗ is a (D/V0)∗-cycle in (H/V0)∗. Clearly,
V0 = E0 ∈ D. If D′ ∩ V0 = ∅, then D′ ∈ (D/V0)∗. If D′ ∩ V0 = {z} for some z ∈ V , then
(D′ − {z}) ∪ {w} ∈ (D/V0)∗. Thus,
⋃
1≤i≤tE
∗
i is not (D/V0)∗2-independent in (H/V0)∗.
Hence C∗ intercepts (D/V0)∗2 in (H/V0)∗ in this subcase. The proof is completed.
4 Proof of Theorem 1.2
Let H = (V , C,D) be a colorable and Sperner mixed hypergraph satisfying conditions
(I), (II) and (III) in Page 3 in this section. We will prove Theorem 1.2 by induction on |C|,
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and when C = ∅, we will prove it by induction on |D|. An important step in our proof is
to express P (H, λ) in terms of P ((HC−C0i /ei+1)∗, λ) by applying Corollary 2.1. We need to
show that the number of C-edges in the mixed hypergraph (HC−C0i /ei+1)∗ is exactly 1 less
than the number of C-edges in H.
Lemma 4.1. Let H = (V , C,D) be a colorable and Sperner mixed hypergraph satisfying
condition (III) in Page 3. For any C0 ∈ C and {u1, u2} ⊆ C0 with {u1, u2} /∈ D,
(i) if there exist distinct C1, C2 ∈ C − {C0} with Ci ∩ C0 = {ui} for i = 1, 2 and ∅ 6=
C1 − {u1} ⊆ C2 − {u2}, then HC−C0/{u1, u2} is uncolorable;
(ii) if (HC−C0/{u1, u2})∗ = (V∗, C∗,D∗) is colorable, then
C∗ = {C ∈ C : C ∩ {u1, u2} = ∅} ∪ {(C − {u1, u2}) ∪ {w} : C ∈ V , |C ∩ {u1, u2}| = 1}
and |C∗| = |C| − 1.
Proof. (i) Let e = {u1, u2} and A0 = C1 − e. So A0 ⊆ C1 ∩ C2, C1 = A0 ∪ {u1} and
A0 ∪ {u2} ⊆ C2. By Lemma 3.1 (i), {v1, v2} ∈ D for each pair v1, v2 ∈ A0.
For each v ∈ A0, (v, C1, u1, C0, u2, C2, v) is a cycle in H. As e = {u1, u2} /∈ D and H
satisfies condition (III), for each v ∈ A0, {v, uj} ∈ D holds for some j ∈ {1, 2}.
Assume that H is colorable. Since C1 = A0 ∪ {u1}, {v1, v2} ∈ D for each pair
v1, v2 ∈ A0 and {v, u1} ∈ D or {v, u2} ∈ D for each v ∈ A0, for any proper λ-coloring φ of
HC−C0 with φ(u1) = φ(u2), |{φ(z) : z ∈ C1}| = |C1| holds, implying that H is uncolorable, a
contradiction. Thus, φ(u1) 6= φ(u2) holds for each proper λ-coloring φ of HC−C0 .
Since φ(u1) 6= φ(u2) holds for each λ-coloring φ of HC−C0 , HC−C0/e is uncolorable.
The result holds.
(ii) As {u1, u2} /∈ D, Lemma 3.1 (i) implies that {u1, u2} 6⊆ C for all C ∈ C − {C0}.
By definition,
C∗ ⊆ {C ∈ C : C ∩ {u1, u2} = ∅} ∪ {(C − {u1, u2}) ∪ {w} : C ∈ C, |C ∩ {u1, u2}| = 1},
where w /∈ V . As H is Sperner, C ∈ C∗ holds for each C ∈ C with C ∩ {u1, u2} = ∅.
Assume that (C2−{u1, u2})∪{w} /∈ C∗ for some C2 ∈ C with |C2 ∩{u1, u2}| = 1. As
H is Sperner, there exists C1 ∈ C − {C0, C2} with |C1 ∩ {u1, u2}| = 1 and C1 − {u1, u2} ⊆
C2 − {u1, u2}. But, the result in (i) implies that HC−C0/{u1, u2} is uncolorable and so
((HC−C0)/{u1, u2})∗ is uncolorable, a contradiction. Thus
C∗ = {C ∈ C : C ∩ {u1, u2} = ∅} ∪ {(C − {u1, u2}) ∪ {w} : C ∈ C, |C ∩ {u1, u2}| = 1}.
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By Lemma 3.1 (i), {u1, u2} 6⊆ C holds for all C ∈ C − {C0}. Hence |C∗| = |C − {C0}| =
|C| − 1.
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. We first prove that Theorem 1.2 holds in the case that C = ∅.
Claim 1 Theorem 1.2 holds when C = ∅.
We prove Claim 1 by induction on m = |D|. If m = 0, then H is an empty graph and
P (H, λ) = λ|V|, implying that Claim 1 holds.
Assume that the result holds for any hypergraph H = (V ,D) satisfying conditions (I)
and (II) with |D| < m, where m > 0. Now assume that H = (V ,D) is a hypergraph with
|D| = m and satisfying conditions (I) and (II).
Case 1: |D| = 2 for all D ∈ D.
Claim 1 holds as H is a graph in this case (see [3, 4, 6, 7]).
Case 2: there exists some D0 ∈ D with |D0| > 2.
By Theorem 2.1,
P (H, λ) = P (HD−D0 , λ)− P ((H/D0)∗, λ). (11)
Note that (H/D0)∗ has exactly |V| − |D0|+ 1 vertices. By Lemma 3.3 and 3.6, HD−D0 and
(H/D0)∗ satisfy conditions (I) and (II). By the inductive assumption,
(−1)|V|P (HD−D0 , λ) > 0 and (−1)|V|−|D0|+1P ((H/D0)∗, λ) > 0, ∀λ < 0. (12)
As H satisfies condition (I), |D0| is even. Thus, (11) and (12) imply that
(−1)|V|P (H, λ) =(−1)|V|P (HD−D0 , λ)− (−1)|V|P ((H/D0)∗, λ)
=(−1)|V|P (HD−D0 , λ) + (−1)|D0| · (−1)|V|−|D0|+1P ((H/D0)∗, λ)
>0. (13)
Claim 2: Theorem 1.2 holds when C 6= ∅.
If |C| = 0, Theorem 1.2 follows from Claim 1. Assume that Theorem 1.2 holds for
any colorable mixed hypergraph H = (V , C,D) satisfying conditions (I), (II) and (III) with
|C| < k, where k > 0,
Now we assume that H = (V , C,D) is a colorable mixed hypergraph satisfying con-
ditions (I), (II) and (III) with |C| = k. Let C0 = {u1, u2, · · · , up} ∈ C. Assume that
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{{ui, uj} ⊆ C0 : 1 ≤ i < j ≤ p, {ui, uj} /∈ D} = {e1, e2, · · · , er}. As H is colorable, we have
r ≥ 1. Lemma 2.1 implies that
P (H, λ) =
r−1∑
i=0
P ((HC−C0i /ei+1)∗, λ). (14)
.
For all i = 0, 1, · · · , r− 1, Lemma 3.3 implies that HC−C0i satisfies conditions (I), (II)
and (III), and then Lemma 3.6 implies that (HC−C0i /ei+1)∗ satisfies conditions (I), (II) and
(III).
Let I be the set of integers i with 0 ≤ i ≤ r− 1 such that (HC−C0i /ei+1)∗ is colorable.
As H is colorable, (14) implies that I 6= ∅. For any i ∈ I, (HC−C0i /ei+1)∗ = (V∗i , C∗i ,D∗i )
is colorable with |V∗i | = |V| − 1 and Lemma 4.1 implies that |C∗i | = k − 1. By inductive
assumption and (14), for any real λ < 0,
(−1)|V|+kP (H, λ) =(−1)|V|+k
∑
i∈I
P ((HC−C0i /ei+1)∗, λ)
=
∑
i∈I
(−1)|V|+k−2P ((HC−C0i /ei+1)∗, λ)
>0. (15)
Hence Claim 2 holds and the proof is completed.
5 Proof of Theorem 1.3
In this section, we assume that H = (V , C,D) is a colorable and Sperner mixed
hypergraph satisfying conditions (I), (II), (III) and (IV) in Page 3.
Lemma 5.1. Let D0 ∈ D with |D0| > 2 and let V0 be a D2-independent set with |V0| ≥ 2
and V0 ⊆ C0 for some C0 ∈ C. Then HD−D0 , (H/D0)∗ and (H/V0)∗ satisfy conditions (I),
(II), (III) and (IV) in Page 3.
Proof. As H is Sperner and satisfies condition (IV), HD−D0 , (H/D0)∗, (H/V0)∗ satisfy con-
dition (IV). By Lemmas 3.3 and 3.6, HD−D0 , (H/D0)∗ and (H/V0)∗ satisfy conditions (I),
(II) and (III).
For any colorable mixed hypergraph H = (V , C,D), P (H, λ) is a polynomial in λ (see
[10]). By definition, P (H, 0) = 0. Thus P (H, λ)/λ is also a polynomial in λ. Let
Q(H, λ) = 1
λ
· P (H, λ). (16)
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To prove Theorem 1.3, it suffices to establish the result below.
Theorem 5.1. Let H = (V , C,D) be a colorable and Sperner mixed hypergraph of order n.
If H satisfies conditions (I), (II), (III) and (IV) in Page 3, then
(−1)n+|C|+1Q(H, λ) > 0, ∀λ ∈ [0, 1). (17)
Proof. We first prove this result holds for the case that C = ∅.
Claim 1: Theorem 5.1 holds when C = ∅.
As C = ∅, H = (V , C,D) is a hypergraph and is simply written as H = (V ,D). Let
D′ = {D ∈ D : |D| > 2} and d = |D′|. We prove Claim 1 by induction on d.
If C = ∅ and d = 0, then H is a normal graph. As (V ,D2) is connected, (17) holds
(see [3, 4, 7]).
Assume that (17) holds for any hypergraph H = (V ,D) with |D′| < d, where d ≥ 1,
and satisfying conditions (I), (II), and (IV). Now we consider a hypergraph H = (V ,D) with
|D′| = d and satisfying conditions (I), (II), and (IV).
Let D0 ∈ D′. By Theorem 2.1, we have that
P (H, λ) = P (HD−D0 , λ)− P ((H/D0)∗, λ). (18)
By (16) and (18),
Q(H, λ) = Q(HD−D0 , λ)−Q((H/D0)∗, λ). (19)
By Lemma 5.1, HD−D0 and (H/D0)∗ satisfy conditions (I), (II), (III) and (IV). As DD−D0 =
(V ,D − {D0}) and (H/D0)∗ = ((V/D0)∗, (D/D0)∗) with |(D/D0)∗| ≤ |D/D0| < d, (17)
holds for both HD−D0 and (H/D0)∗. As |D0| is even, by induction, (19) implies that for all
λ ∈ [0, 1),
(−1)n+1Q(H, λ) =(−1)n+1Q(HD−D0 , λ)− (−1)n+1Q((H/D0)∗, λ)
=(−1)n+1Q(HD−D0 , λ) + (−1)|D0|(−1)(n−|D0|+1)+1Q((H/D0)∗, λ)
>0. (20)
Claim 2: Theorem 5.1 holds when C 6= ∅.
By Claim 1, we assume that (17) holds for any colorable and Sperner mixed hyper-
graph H = (V , C,D) with |C| < k, where k ≥ 1, and satisfying conditions (I), (II), (III) and
(IV).
Now we consider a colorable and Sperner mixed hypergraph H = (V , C,D) with
|C| = k and satisfying conditions (I), (II), (III) and (IV). Let C0 = {u1, u2, · · · , up} ∈ C.
15
Assume that {{ui, uj} ⊆ C0 : 1 ≤ i < j ≤ p, {ui, uj} /∈ D} = {e1, e2, · · · , er}. As H is
colorable, r ≥ 1. Lemma 2.1 implies that
P (H, λ) =
r−1∑
i=0
P ((HC−C0i /ei+1)∗, λ). (21)
By (16) and (21),
Q(H, λ) =
r−1∑
i=0
Q((HC−C0i /ei+1)∗, λ). (22)
By Lemma 5.1, (HC−C0i /ei+1)∗ satisfies conditions (I), (II), (III) and (IV) for each i =
0, 1, · · · , r − 1.
Let I be the set of numbers i with 0 ≤ i ≤ r− 1 such that (HC−C0i /ei+1)∗ is colorable.
As H is colorable, (22) implies that I 6= ∅. For any i ∈ I, if (HC−C0i /ei+1)∗ = (V∗i , C∗i ,D∗i ),
then |V∗i | = |V| − 1, and Lemma 4.1 implies that |C∗i | = |C| − 1 = k − 1. By inductive
assumption, (17) holds for (HC−C0i /ei+1)∗. Thus, (22) implies that for any λ ∈ [0, 1),
(−1)n+|C|+1Q(H, λ) =(−1)n+|C|+1
∑
i∈I
Q((HC−C0i /ei+1)∗, λ)
=
∑
i∈I
(−1)(n−1)+(|C|−1)+1Q((HC−C0i /ei+1)∗, λ)
>0. (23)
The proof is completed.
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